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SQIC  STATISTICAL  PROPERTIES  OF  «IXCTP  INVENTORY  MODELS 


» 

Murrey  A.  Geisler 

The  HAND  Corporation,  Santa  Monica,  California 

In  the  study  of  Inventory  policies,  one  is  interested  not  only  in  the 

/ , 

mean  values  of  such  important  random  variables  an  number  of  shortages  per 
time  period,  but  also  in  their  variance  and  covariance  properties.  Sucn 
additional  properties  are  of  interest  in  interpreting  the  stability  of  an 
expected  value,  under  assumed  Inventory  policies  and  parameters,  and  in 
using  stochastic  or  Monte  Carlo  models  to  calculate  estimates  of  the 
expected  values  by  sampling  techniques.  Iq  this  paper,  we  examine-  com¬ 
paratively  simple  inventory  models,  and  derive  the  expected  value,  vari¬ 
ance,  and  selected  covariance  and  correlations  of  the  random  variables 
representing  stock  on  hand,  shortages  per  period,  overages  per  period  and 

reorder  quantity,  sash  of  which  will  be  defined* below* 

/ 

i 

\ 

I*  INVENTORY  MODEL  WITH  ffiRO  PROCURDCHT  LEAD  TIME 

First,  we  consider  an  inventory  model  with  ser^  procurement  lead  time 
which  is  governed  by  (S,  s)  policies.  We  as suae  that  a  particular  set  of 
values  (S,  s)  has  been  selected,  so  that  vhe never  the  stock  level  x  falls 
below  s,  then  positive  ordering  is  lmsediately  enacted  to  raise  the  level 
to  S  with  laaedlate  delivery.  When  the  quantity  of  goods  in  supply  x 
exceeds  s,  then  no  ordering  is  done.  We  allow  x  to  assume  any  possible 

♦Any  views  expressed  in  this  paper  axe  those  of  the  author.  They 
should  not  be  interpreted  as  reflecting  the  views  of  The  RAND  Corporation 
or  the  official  opinion  or  policy  of  any  of  its  governmental  or  private 
research  sponsors.  Papers  axe  reproduced  by  The  RAND  Corporation  as  a 
courtesy  to  members  of  its  staff. 
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real  value.  A  negative  stock  level  should  be  Interpreted  as  the  amount 
owed  to  cansusptlon.  Thus,  all  demand  will  be  ultimately  satisfied,  and 
therefore  It  is  meaningful  to  refer  to  negative  stock  levels.  Ve  also 
assume  that  the  density  of  demand  f(()  Is  known,  so  that  in  eocn  time 
period,  a  demand  l  has  probability  f({)  of  occurring.  Then,  if  =  stock 
level  at  end  of  period  n,  ve  have: 

xn  "  «  lf  8  <  xn  <  s 

S  -  l  if  x  <  s 

n  - 

1.  STATISTICAL  PROPERTIES  OF  THE  STOCK  1£V£L  x 
■  ■  -  —  n 

We  first  solve  for  Cov £xr  »  which  is  given  by: 

0o'{,tB  Vli  ■  E(XB  Vli  *  ElxB<  Elxn.lf 

We  can  then  define  z{x  x  {  ae  follows: 

v  n  n+x1 

*(\  Vli  ■  J  EKn  xJxj  *<xB)dxB 

*/  xBEtxldxJ*(xB)dxn 

Using  the  above  transition  law,  ve  get: 

xn  -  m  if  s  <  xn  <  S 

E(viW  ■  ■ 

S  -  m  if  x  <  s 

D  - 
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Vhere  a  «  K(|). 
Therefore, 


Etx»  Vl>  *  (S  '  n)£/n*(xn)4x„  *J[  xn(xn  ' 

New,  ve  solve  this  expression  for  the  special  case  of  exponential 
demand:  f(|)  *  \e”^.  For  this  continuous  density  function,  the  stationary 
distribution  of  x  is  given  by.* 


♦(x)  = 


X 

1  +  XA  * 

}S±  - x) 

1  +  XA 


if  x  <  s 


where  A  ■  S  -  s. 


Substituting  ♦  (x)  for  ♦(x^)  in  the  above  expression  for  Ejxn  xq+1j 


ve  obtain: 


(S  -  h 


E(xn  Vi)  *  rrtfrj £  ***~K(B " x) +  rr-xs  /  x(x  -  t)dx 


where  a  ■ 


The  first  tens  on  the  right  can  then  be  Integrated,  and  for  conven¬ 
ience,  we  let  y  *  s  -  x.  We  then  get: 


rnl 


-X,*-Br^i  /*•  -  I*  -  ti 


Bine*  l{xj 


Therefore : 


Covi*nVi!  * 


\8^  Xs^ 
5  ■  5 


2  2 

S  6  -  S  S  i 

T 


1  +  XA 


1  ,  xV*  .  xV*  2b 


2  1  A'B’  .  A"”b"  2b  _2  .3 

s  +  — g  +  — —  +  — £ —  -  -  \s 

X 


,,2  2  A^s*' 

S  ♦  E - = - 


(1  +  AA) 


,2 


Sinplifying,  w  get 


0otK  W 


(S  lt')-  (X2(s  -  ,)!  -  3.(S  -«)-£) 
[l  ■*•  A(S  -  b)]2 


We  next  derive  Ver(x vtaich  is  given  by 


v"Ki-  Ei\l  - 


2 


We  know  tbet: 


*(*Zi  -/  Ei\lxJ,(V4xi,  ■/  >£  <*„>“*„ 


Solving  this  expression,  for  the  case  of  exponential  draand:  f(()  Xe"’*’*, 

ve  get 

8  A_  j‘  **•«'  - x)  ta 

XA  I  1  +  XA 


E 


(«*}-/,* ♦<*>*■  ./§s  ^ 
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=  t4xZ  (f  -  f  >  *  rhz  /  ^(8?  -  ^  y2)e"^y 


substituting  in  the  second  expression  y  -  s  -  Ve  then  get 


<i  ■  Mz  <f  f’>  *  r^ 


.  2*  .  iLi 
XA  18  \  2J 


To  obtain  Var{xni,  we  must  now  subtract  { Ej_x  j]2  from  F.(xr;.  We  tuer.  fcet 

,45..5'i. 

/  V  5/ 

VarfxjJ)=-^ - 


2  2s  2  ,  .  ?  t.2  V 

~  \  2  /s  -  •  —  -  -  | 

X  I  2  2  k 


1  * 


inducing  this  expression  we  get 


Ver  {xj  = 


^  (S  -  s)V  *  |  (S 


s)3  MS  -  s)2  *  |  (S  -  s] 


(1  *  *A)' 


Knowing  Cov  { xq  xq+1|  and  varf[x^?,  we  can  also  find  the  correlat: on  between 
xn  and  *n+1*  This  is  given  by: 


n+1 


Cov  i  xn  Vl) 


Using  the  results  obtained  for  the  ease  of  exponential  demand,  we  find  that 
the  correlation  between  xQ  and  xft+1  1.  given  by 


**  ^  J  (8  -  •>*  ♦  5  (8  -  S)3  MS  -  s)2  *  |  (S  -  s)  ♦  ^ 


18  I »)* 
12“ 


U2(S  -  s)2  -  2\(S  -  s)  -  61 


The  following  table  of  o  has  been  computed  for  a  aeries 

xn  xn+l 

values  of  X  and  S  -  s  giving  the  following  results; 


liable  of  o 

xn  Vl 


X 

S  -  s 

.01 

.1 

1.0 

10 

100 

1 

-.000 

-.005 

-.15 

.46 

.95 

0 

-.001 

-.06 

.14 

.65 

.96 

10 

-.006 

-.14 

.4<3 

*9^ 

25 

-.05 

-.50 

.77 

.59* 

50 

-.10 

.16 

.91 

.99+ 

.99- 

100 

-.11* 

.49 

.96 

.  ar>+ 

.99- 

Further,  the  sequence  xr  is  a  regular  and  stationary  Markov  process, 
from  the  properties  of  stationary  Markov  processes,  we  know  that* 

3(p)  aPR(0) 

where  R(p)  =  Cov£xn  xn  }  and  R(0)  =  Var  Iherefore 

R(l)  =  aR(O)  , 


or 


Cm  (xn  Vl!  ’  *  V,r  Jxnt 


and 


*Doob,  J.  L, ,  Stochastic  Processes,  Chapt.  10 


i*o  that 


C0Y  t*n  Vli 

*  '  V"  {xn!  ‘  °xn  Vl 

uonsequently 

Co v  | x  x  ^  l  =  oP  Var  ?  x  J 

t  n  n+pf  xx,  nJ 

*  n  n+1 


so  that 

Cov  i  x  x 

_ 1  n  n+P-1  _  p 

°x  x  3  Var  J  x  $  Dx  x  . 
n  n+p  t  n.'  n  n+l 


Thus,  the  entire  correlation  function  between  x  and  x  for  all 
’  n  n+p 

p  can  be  obtained  from  knowledge  of  o  .  Since  ve  have  p 

n  xn+l  xn  xn+l 

for  the  exponential  distribution,  ve  therefore  can  compute  the  correlations 

0  for  all  p,  since  the  inventory  model  ve  are  studying  is  a  stationary 

xn  n+l 

Markov  process. 


2.  STATISTICAL  FgOggTgg  Of  Ttt  SHOOT  ACES  yQ 

We  assist  the  same  Inventory  model,  as  described  above,  vith  zero 
procurement  lead  time.  Then,  lfyn  *  shortages  in  n-th  period,  ve  have: 

/ 

0  if  x  >  0 

[  «  s<  ° 

Ht  tint  M*k  car{rD  y,,^  -  *  {/„  y^J  -  *{yB}  E{y„,il  • 


-  )- 


Ttau* : 


E(lr„  W 


*<*»  Vl>  = 


(y  ,  x  <  0)  -- 

'■'n+l  n 


J  E(yn  yn.llxn)*(xn)4ltn 

•dC 

r  ^ 

J  ’tnE(>'n.l1V«,(xn)4xn 

.00 

|  o,  if  4  5  s 


4  -  S, 


if  4  > 


E(ynJxn  <  0) 


(4  -  S)f({)d? 


00  ~ 

/  4f(4)d4  -  -  J  f ( 4 )d4 


We  nor  let  f(i)  ~  Xe~  ,  the  exponential  diet  ri  out  .ion,  i’hen: 

00 

E<vll  \ <  °>  *  /  -«*  [  '■**« 


-\S  e~^  -Xjs  e-XS 

*  +  —  -  86  — 


Ve  then  have : 


♦  ■  *tv 


•\(s  -  xQ) 


if  X  <  I  for  f(4)  -  fce‘U 


-XS  f°  \x 

E(jrn  W  -  -  1  ~  >Z  J  V  % 


-  I  'J- 


e-^(S  ♦  8) 


1  +  \A 


1 


-K(S  *  8) 


p  2/ 


J  K  (l  *XA) 


Solving  for  E(y  ): 

wn 


E(yn) 


E(W  -  / 


F(ynl  *n]  *  (xJdx 
n|  n  n  n 


E(yn) 


0 

-  f  X  ♦(x  )dx 
J  n  n  a 

•«o 

e_>k*  r0  *Jt 

■  rsa-  J  >*„'  X 

•  80 

\(l  ♦  AA) 


Thai*  fort: 


„  I  *  e*K^S  +  •)  -2Kt 

0m(yn  W  '  fr - 


\z(l  *  XA)  \2d  .  XA)2 


W*  further  not*  that: 


»'**  , -\s  ,-u . 

\2(l  «  XA)  1  *  ^ 


Oo,(*n  W 


i  (1 1  y  ,) 

Ai  7  (^sr  - 1) 


But 


1  ♦  XA  ^  , 

<  1,  *0  that  Cov  (yn  y#+i)  <  o 


-li¬ 


ve  new  seek  Var(yn)  to  complete  the  correlation. 


^ar(yn)  =  E(y2)  -  (Eyn)2 


QO 

E<*n>  ‘  /e!e nl»n>  ,{\^n 


_  f  f  /x 

L  n  n 


)dx 


-\B 


1 


P  ^ 

Xx  e  ndx 
n  n 


-\b 


k  (1  ♦  XA) 


Substituting: 


-Kb 


*  ~f 


»2Xb 


X.c(l  +  XA)  k2(l  ♦  XA)2 


-XjS 


-\s 


\  (1  ♦  XA) 


<£-rna> 


Therefore,  the  correlation  p, 


yn  yn+l 


is  given  by: 


-Kb 


-\S  e 


-\s 


y»  En+1  V,r  '*„> 


Cov(ya  W  ,  Ka<l  .  MU 


1  +  XA 


-Xs 


\  (l  ♦  XA) 


2  - 


e^N 

1  +  XA  j 


nr  er 


~XS  e 

=  C  '  1  ♦  XA  #  e-^(l  +  XA)  - 
o  2(1  ♦**>  "  e-Va 

1  +  aa 

From  the  above  result  that  Cov  (yQ  yn+1)  ;  0,  ve  also  note  that 


o  <0.  Further,  since  y  is  not  a  MarKov  proceEB,  ve 

yn  yn+l  ”  n 

the  behavior  of  p  ,  p  2,  3  ...  from  o 

*n  *n+p  yn  yn-i 


rUir.Ot 


3.  STATISTICAL  PROPERTIES  OF  THE  OVERAGE  v 

- - Q 


We  still  assume  the  same  inventory  model,  as  aoove,  witn  rc  procure 
■ant  lead  time.  By  overage  ,  we  mean  the  positive  amount  oi  stocs  .eft  at 
the  end  of  the  period  before  ordering.  If  -  overage  in  n-th  period,  tner. 

f  x.  if  >  0 

j  n  n 

vn  *  n 

^0  ,  if  x„  <  0 


Reoapitulat log : 


( 


\ 

1  +  XA 


if  i  <x  <  S 
n  — 


-*<•-**) 
rnr  ; 


if 


*n  ^  B 


Vi 


Is 


-  t  i 


if  x^  >  . 


if  • 
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W#  now  iMk  Cov  (vn  vn+1),  where: 

°0V  <Vn  Vl>  ■  *(».  Vl>  -  E<V  E<Vl> 

We  have  that: 

'£  ,|V.V  !-„)♦(»„)% 

-  00 

Vo 


(Vil°  <*„<•)■ 


if  { 


s  -  {  »  if  {  <  s 


<Vil'  <  *„  <  3> 


o  , 


X  -  {  . 

n  5  9 


if  t 

*  —  i 


if  %  <  X 


U 

I(Vil°  <  «»<•)-  /  (S  -  Or(lMt  .  /  (s 

o  J0 


3J  ^  ^  -  f  lfce_X*d{ 

-'o  Jo 


8(1  -  e-*3)  ♦  S.'*3  ♦  . 


-XJS 


\JS  ♦  «•**  -  1 


^IM 


Also: 


E(Vll§  <  xn 


<  S  )mf 
J  0 


x 

<  n 


lxn  -  «)f(S)1«  I  (X- 


-  0 


-\x 

Xjtn  *  *  n 


Thus: 


E(Tn  Vl>  ‘  jg  V'Vl'-n'  <*„>**„ 


So  that 


/  *  X  *'■“  ■  V 

Jo  "l  >■  /  — 


dx 


*  f8  J5l1  1 

Jb  \  * 


-  r 


~~r  77  dx 
•  *  KL.  n 


„  +  e'^  -  l)e-^  .  8  *■* 

Jo  V  dxn 


+  r  ♦  >z  f  x?dx  +  — - 

1  ^  n  n  1  + 


-  Kx 

*  n. 


XA  f  x  ^  dx 

^  .'s  n  Z 


■w; 


x_<lx 
n  n 


w*  *l»o  get: 


Also, 


E(vn>  '  J 


f 


/  x«  *  (*  )dx 

Jo  n  n  n 


f~  Kb  “  rs  x 

J0  xn T^IZ —  +  /  *arr 

•*  8 


-X(.  .  *n) 


Ta  <1* 
XA  n 


X* 


■Kb  r  *  Kx 


mz  i  v  ton  *  r 


-  S 


♦  XA 


x_dx 
n  n 


J**  "U  .**  1 

1  *  *0  ~ S~' 


x2  1  ♦  Ui^  2  J 


Km  +  e~**-  l  x  o  o 

Ml  +  XA)  +  2(l  ♦  XA)  ~  ■  ) 


,(r»)  *_f  E(rflx»>»<»»>d’‘0 

"X  i£*(x»)ix* 

f*  2uA("V  ,S 

'Jo  *»  1  *  “  tan*j[ 


Thus 

Var(v) 

n 


Tram  the  ibovt,  ve  also  have: 

0o,(T»  Vi>  ■ 


-16 
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We  assume  tbs  mbs  Inventory  model,  as  described  above,  with  zero 
procurement  lead  time.  Then,  if  vq  *  reorder  in  n-th  period,  we  have: 

0  ,  if  xq  >  s 

8  -  *n  >  lf  xn  -  * 


-  iO- 


n+1 


x  -  e . 
n  5  * 


S  - 


if  xn  -  s 


if  x  <  s 
n  - 


E(v  v 
n 


n*l)  ‘  /„  E(V”  Vll  x„),,x„to*n 

8 

‘L  <S-  Xn,E<Vj  xn>‘<*n>d* 


(v 


n+1 1  xn  <  •>  = 


0, 


S, 


if  f  <  s  - 


if  »  >  s  - 


E(Vl  I  xn  <  »)  •  J  «f(*  )d*  =  £ 

S~«  R_. 


5X*‘**d* 


Ae 


-XA  .  e 


■XA 


S-s 


e'^(A  ♦  h 


'«**•  f  ({)  ,  A  ,  s  .  e 

W*  tir*ia  have; 

8 

"  W  "  f  (S  -  V6'*^  *  r)»  (x  )djt 
>•»  Ai  nn 

*  a  1 


K(v  w 


e-XA#-\a 


to  ♦  i)  f  (s .  x  )  ~  v  di 

->-»  a  TTxa  dxn 

f*  .  \x 

J  ’  xn)*  ndx 

n  n 


19- 


=  e-XAe-\s  f Se^  se^  + 

v  '  v  *?y 

-XA  -*A 

=  —5-  (XS  -  Xa  *1)  =  (XA  ♦  1) 

X.  x2 


Also, 


*<V 


w 

E(Vl>  ■  E<v„  |  xnMxn)dxn 


Also, 


I  (S  -  x  )*(x  )dx 

JL.  n  n  D 


.  -A(s  -  X  ) 

(S  -  X  )  - :■  —  . yr  P  dx 

n  1  +  \A  n 


-Xs  f  .  Xb 

e  I  ,  «  Xb 

I^xTi  86  “x"  ”  8e 


XS  +  1  -  Kb 

~wr  *tst 


00 

E(v»>  *  jm  1  «„  )♦(»„)% 


m  f  (S  ■  Jtn)2’(ltD)dxn 
JLco 

ra  o  \-._X(s  -  x  ) 

■  <s-V2^T,>An  K 


I+xZ 


(s  -  xj2*  “d 


-X*  of  Xa  r8  Xx  z-8 

1^2  3  1  *  *  28  |  xn^  X  +  f  xn 


x>e  “dx. 


8 


e-^ 

r, 

1+X6 

t. 

t 

L 

1 

r. 

1+XA 

1  ( 

L 

1^+D2 

26(s<>  -  V)  -  sV8 


»**! 


2  : 


j 


x2(i+*a) 


Tb»r*for« 


V«(»n)  *s(«f)  -[E(vn)]: 


aae**  ae^*  *1 

X  +  T?~ 

K  J 


=  Mali  1 1  i 

-  ■  '  X 


Xc(XA+i‘'  '2 


.  (Mails  aaai 

x2(xa-\) 


♦  1 


c"(,'»  W  ■  *<*»  Vi>  -  X-.I'I*..,) 
■  ,(»»  W  -  [■<*.>]* 

•XA 

-  *-*-  (*W  1)  -  -1 

X2  X2 

-  x)  Z  1 

— -g 


I 


Cov  (v 


Vi}  = 


XA+1 

7s" 


<  0  since  XA+1  < 


_>A 


We  then  obtain  for  o  : 

n  n+1 


n+1 


Co,(V.n) 

Var(wn) 


e->Ai^l)  -  1 

75 


\2(xa+i) 


(XA+l)  -  (xa+i)  -  1 


(xa+i)  [e'%>D  -  i. 

( XA+l)  2  -  (XA+l)  +  1 


Also,  since  Cov (v  v  . )  <  0,  ve  note  that  o  <  o,  and  further, 

n  n+1  "  vnw n+1 


since  v  is  not  a  Markov  process,  ve  cannot  infer  p„  ,  P  2,  3,  ...  from 
n  wnw n+p 


Rtf  w  * 

wn  n+1 


II.  IMVPrrORY  MOBIL  WITH  NOW- ZERO  PBOCUFEtCHT  LEAD  TDC 

We  now  revise  the  inventory  nodel  being  considered,  and  consider  that 
reorders  are  delivered  after  a  specified  procuranent  Lead  tine.  This  is  a 
■ore  complex  nodal,  so  that  ve  have  not  been  able  to  obtain  as  nany  results 
for  the  non-sero  procurement  lead  time  case  as  for  the  sero  procurement  lead 
time  case.  We  first  analyse  the  on-hand  plus  on-order  stock  for  a  general 
procurement  lead  time,  and  then  consider  the  coverlanoe  and  correlation  of 
the  on-hand  stock  level  in  two  successive  periods  for  the  special  oaaa  of  a 
tvo- period  procurement  land  time. 


1.  STATISTICAL  PROPERTIES  OF  ON- HARD  PLUS  ON-OHDER  STOCK  LEVEL  z 
- - n 

We  consider  an  (S,e)  policy  for  this  inventory  model  such  toat  if  - 
sum  of  on-order  plus  on-hand  stock  in  nth  period  before  ordering,  we  then 

have: 


if  z  •  c 
n 


il  z  <  s 
n  - 


Now.  if  x  •  stock  on  hand  at  end  of  period  n 
'  n 

y  -  stock  on  Older  at  end  of  ner.od  nf  before  an  order  nr  di->  c 
■'n 

is  made  in  period  n,  we  theniave  as  transition  relations  lor  x  ana  , 

f  '  n  -  r, 


If  x_ 


yn< 


b; 


\  . 
n*  1 


n 


yn  - 


n+1 


x  -  y 
n  Jn 


If  xn  +  yn 


s; 


n+1 


x  +  y  -  ( 
n  ■'n 


We  can  then  derive  the  transition  relations  for  z  ,  the  sign  of  on-hand 

n 

and  on- order  stock  In  the  nth  period  before  ordering,  using  the  fact  that 
*  »  ♦  y  .  Therefore , 

nun 


If  *n  - 


t 


Vl 


? 


However,  these  transition  relations  for  zn  in  this  case  are  identical 

to  those  found  for  xr  in  the  zero  procurement  lead  time  case.  Therefore,  ve 

can  apply  all  the  results  for  the  latter  case  to  the  non- zero  procurement 

lead  time  case  for  zfl.  We  note  that  the  above  results  have  meaning  only  If 

the  procurement  lead  time  t  is  equal  to  or  greater  than  2. 

Thus,  for  the  exponential  distribution,  f (| )  -  \e"^  ,  the  limiting  densi 

of  z  is  the  same  as  that  for  x: 

( 


X 

1+XA’ 


if  s  <  z  ^  S 


♦  (*)  -  { 


•\(s-z) 


1+XA 


if  z  <  s 


where  A  *  S  -  s.  Referring  to  the  transition  relation  for  xq+^  above,  and 
extending  to  the  limit,  we  obtain  the  following: 

If  x  <  s;  x=z-{ 

If  z  >  s;  x  =  z  -  { 


Thus,  the  limiting  amount  of  stock  an  hand  x,  is  independent  of  the 
condition  on  z  versus  s.  Also,  since  z  has  the  same  limiting  distribution 
and  transition  relations  as  x  in  the  zero  lead  time  case,  we  can  conclude 
that  z  has  the  same  covariance  and  correlation  structure  as  that  developed 
for  x.  Urns,  z  also  represents  a  stationary  and  regular  Markov  process. 

To  recapitulate  the  characteristics  of  z,  parallel  to  those  obtained  for  x, 
ve  have  the  following  results: 


1  ♦  xs 

*  >;  *  *5 


1  +  k(5-s) 


Ef'n  Vli 


q  8  •  .  1  .  VS-*  \m}  S2  »2 

u-f  ^  S - T-T'T 

1  u(S  •  l) 


■ 


X  /S58'r\.  I  f  2  2b  2  \ 

r  +  x(s  -  8)  V  5  "  5  )  1  +  x(s  -  b)  \  8  'X  *  ~ 1) 


Cov^D  ViJ 


•^[^(S-.)2  -  2\(S-s)  -  6] 
fl  +  X(S-a)2 


Var  z_  => 


^  (S-8)4  +  |  (S-8)5  ♦  (S-8)2  +  l  (S-s)  -  K, 

\ 


1  +  X(S-s)j ' 


%  t  .  - 

n  n+1 


[\2(S-b)2  -  2X(S-b )  -  e] 
- 

^  (S-8)4  +  *  (s-8)5  ♦  (S-b)2  +  l  (S-B)  +  ^ 


0  *  0^ 

*n  *n+p  *n  *n+l 


2.  STATISTICAL  PRQRFT1ES  OF  ON- HAND  STOCK  LEVEL  x  FOR  INVENTORY  MODEL 

Wlffl  PWflWtW'llArfBg -  n 

If  t  *  cun  of  an- hand  plus  on-order  stock  level  at  end  of  period  n, 

B 

before  ordering. 

-  on-bead  etoek  level  at  end  of  period  n  (which  can  aaetne  any 
reel  mnber  value), 

t  -  prooursnent  lead  tine,  aeeeured  in  mrtoer  of  tine  periods  tram 
order  to  delivery. 


then  the  folloving  relatloa  belde: 


xn+t-l  zn  ■  *n . *n+t-2 

where  \  -  demand  in  nth  period, 

n 

We  now  specialize  this  relation  to  the  case  of  t  -  2,  and  we  obtain: 

x  ,  z  -  \  .  We  will  now  compute  Cov(x  x  ,),  where  Cov(x  x  , )  - 
n-l  n  n  n  n*l  n  n  +  l 

E(x  x  .)  -  E(x  )  E(x  .).  We  know  that: 
n  n+l  n  n+l 


n+l 


-  z  -  | 

n 


n 


-  z 


n-1 


*n- 1 


where  is  independent  of  z  versus  s.  Forming  the  product  x  x  , ,  and 
n  n  n  n-1 

taking  expectations,  we  get: 

E(X«  X„  +  l)  *  £(*  *  KJ(K  ,  -  ,) 

n  n+l  n  n  n-1  ^n-1 


=  E(z  z  )  -  E(z  t  )  -  E(t  *  J  +  E(|  *  .) 

n  n-l  n  ^n-l  n  n-1  n  n-i 


Now,  ?'  z  )  is  given  above;  E(|  z  )  -  ^Efz  , )  since  \  is  inde- 

n  n-i  n  n-i  \  n-i  n 

pendent  of  i  - ,  and  E  (I)  =  7;  and  E(|  5  , )  *  1=  .  The  relation  that  is 
n-i  n  k  n  n-i  yd 

still  to  be  derived  is  that  of  E(|nl  where  zq  depends  on  1  .  We  de¬ 

rive  this  relation  aa  follows: 
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n-1’ 
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*n-l  "  *n-l; 
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Thtrefora, 
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E<Vl  |  Vl>  '  *<*«-!>  '  E<‘n-1> 


-  s  1-2- 
^  k2 


If  *  ,  >  s; 
n-i 


E(Vl*n  Vl>-E(l..lV1IVl|-<ll 


■  Vl  E<Vl>  -  E('o-l> 
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Raaovlng  tha  condition  on  *q1,  vt  obtain: 

"  Vi  <  •* 


-*7- 


and  substituting  far  »ach  of  tha  tarsw  on  tbs  rifht,  m  obtain  ttaa  follow¬ 
ing: 


■38- 


E(x»  Vl>  • 


-  S  a  1  XS5-  Xa5 

1  T 


§f  .•? 
2  2 


1  +  XA 


(XS  -  l)2  -  (Xs-  2)2  -  1 
2\2(l  +  XA) 


1 

X 


1  +  XA 


J 


E(xn  Vi> 


1  +  xA 


(XS  -  l)2  -  (\s  -  2)g  ♦  (Xa  -  2)2  -  (XS  -  l)2 
2X2(l  +  XA) 


Thus  for  this  nodal  the  expected  value  of  the  product  of  stock  on  hand 
In  two  sueoessive  periods  equals  the  expected  value  of  the  product  of  stock 
on  hand  plus  due -In  In  tvo  successive  periods,  or  equivalently,  the  expected 
value  of  the  sans  product  for  the  zero  lead  tine  case,  which  is  a  very  Inter 
e sting  result. 

If  we  ccnpute  the  covariance,  we  get: 

0o",(*B  Vi>  •  Vi>  •  [«s>] 2 
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Cov(z  z  )  +  _ _ 
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K  (1  *  XA) 


=  Cov(z  z  )  +  — -  \S  -  x.ga2  ♦  3Xj  -  l 

n  n+l'  ,  - * 

X.0  +  XA) 

Now,  conziderii^  Var  [xRj  ,  ve  get: 
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Therafcra: 
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Therefore : 
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X2 


Thus,  we  obteln 
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